ABSTRACT. The topic of this paper is the relationship between characters of irreducible supercuspidal representations of the/?-adic unramified 3x3 unitary group and Fourier transforms of invariant measures on elliptic adjoint orbits in the Lie algebra. We prove that most supercuspidal representations have the property that, on some neighbourhood of zero, the character composed with the exponential map coincides with the formal degree of the representation times the Fourier transform of a measure on one elliptic orbit. For the remainder, a linear combination of the Fourier transforms of measures on two elliptic orbits must be taken. As a consequence of these relations between characters and Fourier transforms, the coefficients in the local character expansions are expressed in terms of values of Shalika germs. By calculating which of the values of the Shalika germs associated to regular nilpotent orbits are nonzero, we determine which irreducible supercuspidal representations have Whittaker models. Finally, the coefficients in the local character expansions of three families of supercuspidal representations are computed.
In the case G = SL n (F),p > n, it was found ( [Mu3] ) that (1.1) holds for most supercuspidal representations of G. However, if « is prime and divides q -1, q being the order of the residue class field of F, then there exist irreducible supercuspidal representations 7T of G such that (1.1) does not hold for any X n . Such a representation TX is a component of a reducible supercuspidal representation for which (1.1) holds, but there does not appear to be a natural way to relate 0^ to Fourier transforms of elliptic Ad G-orbits. Let G = G(F) , where G is the 3 x 3 unitary group defined relative to an unramified quadratic extension of F. The residual characteristic of F will be assumed to be odd. Moy ([Mo] ) proved that the irreducible supercuspidal representations of G are induced from open compact mod centre subgroups and Jabon ( [J] ) obtained explicit inducing data using Moy's results. Filtrations of parahoric subgroups by open normal subgroups are used to construct inducing data for supercuspidal representations. A fundamental difference between G and GL n (F) is that the types of filtrations of parahoric subgroups occurring in the inducing data are more general for G than for GL"(F). For GL"(F), the filtrations arise from powers of the Jacobson radical of the hereditary order which stabilizes the lattice chain given by powers of the prime ideal in some degree n extension of F. For G, the filtrations do not always arise this way. Also, one of the filtrations is not a canonical filtration defined by height functions on affine roots. That is, a non-str filtration {//'}/>i (see Section 4) of the Iwahori subgroup of G occurs in the HILI'* updata for certain supercuspidal representations of G.
In this paper, we determine which irreducible supercuspidal representations TT of G have the property that there exists an elliptic, not necessarily regular, X n in q such that (1.1) holds. Furthermore, the remaining irreducible supercuspidal representations are equivalent up to twisting by a one-dimensional representation of G, and we show that there exist regular elliptic elements X u ,\ and X u^ such that, for any of these representations, if Xis regular and close to zero. Let (lAfc) be the set of nilpotent Ad G-orbits. Harish-Chandra's local character expansion of 7T at the identity is the equality The paper begins with a summary of some of the notation used throughout the paper (Section 2) and information about elliptic Cartan subgroups and subalgebras (Section 3).
Properties of certain integrals which are related to Fourier transforms and to the inducing data for supercuspidal representations are proved in Section 4.
In Section 5 properties of the inducing data for n are used to define the X^ of (1.1), and theZ M i andX M , 2 of (1.2). Proposition 5.1, which relates certain integrals of matrix coefficients of TT to the integrals considered in Section 4, is an essential part of the proof of Theorem 6.4. The main results of the paper are Theorem 6.4 and Corollary 6.6, in which we prove (1.1), (12), and the above results expressing values of the coefficients in the local character expansion in terms of values of Shalika germs.
Section 7 is devoted to determining which irreducible supercuspidal representations have a Whittaker model. This is done by finding out whether the associated values of Shalika germs are nonzero.
For certain TT, we compute all of the coefficients CQ{^) in the local character expansion. This appears in Section 8.
Results of the type obtained in Sections 4-6 of this paper have also been proved in a later paper ([Mu4] ) for supercuspidal representations of classical (symplectic, orthogonal and unitary) groups, using inducing data for those families of supercuspidal representations obtained by Morris ( ). Therefore there is some overlap between the results of this paper and those of [Mu4] . It is worth noting that in this paper we deal with all supercuspidal representations of G. In [Mu4] , for technical reasons, some supercuspidal representations were excluded. In particular, we did not deal with those representations whose inducing data involved cuspidal unipotent representations of reductive groups over finite fields. Also, it is not known whether the constructions of Morris yield all supercuspidal representations of classical groups. There is no analogue of the results of Sections 7 and 8 in [Mu4] .
2. Notation. Let F be a a /7-adic field of characteristic zero and F the algebraic closure of F. If L is a finite extension of F, let 0 L and pi denote the ring of integers and maximal ideal in the ring of integers. If qi is the order of OL/PL and vo L is a prime element in p/,, a choice of norm | • \i on L is fixed by the requirement that x .
In the case L -F, the subscript may be dropped, that is, the notation q, vo and | • | may be used. N/y/r denotes the norm map from L to F, and Res L i F restriction of scalars. Throughout the paper, we assume that q is odd.
Choose an element e in 0£ whose image in OF/PF -F^ generates F^x. Let E -F(y/e) . Set^1 ={xeE x \ N E/F (x) = 1}. If x = a+b^, a,b<EF, definex = a-by/ë. If x = (xtj) is a matrix with entries in E, x -(xy) . The notation tr will be used for the trace map on 3 x 3 matrices with entries in E. Fix a character ipF on F which is trivial on OF but non-trivial on w~xOp. Define IJJE = #° ^E/F^ where tr £ / F (jc) = x + x for x G E.
Let G = U(3) be the 3 x 3 unitary group defined relative to the quadratic extension E of F. Then G = G(F) can be realized as {je G Gh^ (E) \ xfx -J}, where l x is the transpose of JC, and
In other words, G is the group of fixed points of the automorphism o t (x) = fx~lJ of GLi (E) . If L is a finite extension of E, G (L) = GLi (L) . There is one isomorphism class of 3 x 3 unitary groups with respect to E/F ([R2] , Section 1.9). The isomorphism classes of 2 x 2 unitary groups with respect to Zs/Fare parametrized by F x /N£ /F (£ x ) ([R2] , Section 1.9). Let H^ be the 2 x 2 unitary group defined relative
Let R an be the 2x2 unitary group defined relative to J an = I n , and let H an = H an (F) . It is easily verified that H qs is quasi-split over F and H an is anisotropic over F. Thus these groups represent the two isomorphism classes of 2 x 2 unitary groups. The notation G reg and g reg will be used to denote the regular subsets of G and the Lie algebra g of G, respectively. For definitions, see [HC2] .
Let 9{g be the nilpotent subset of g, and (fAfc) the set of nilpotent Ad G-orbits in g.
The bilinear form (X, Y) = tr E/F (tr(XY))
is a non-degenerate bilinear form on Q. If Î) is a subalgebra of g, let I) 1 be the orthogonal complement of § in q. Suppose X in g is such that det(l + X) is nonzero. Then the Cayley transform c(X) of X is the element of G defined by:
3. Elliptic Cartan subgroups and subalgebras. be the corresponding elements of CZ/r, ! Pi Greg and CZ^ H Greg, respectively (given in the definitions of ^1 and TEJ). Define two additional elements X E^ and ^4 in ^2 H Greg by:
Now fix a, 6, and c in F such that b is nonzero. Let XQ^ andX#2 be the corresponding elements oî%\ n Greg and %^ H Greg, respectively.
Two elements xi and*2 of G are stably conjugate ([R2] , Section 3) if there exists y G GL 3 (F) such thatjy -1 xiy -X2-The same terminology will be used for elements of q. That is, elements X\ andX2 in q are stably conjugate whenever Ady~l(X\) = y~xX\y = X2 for some^ G GL 3 (F). Given X in G, the set of elements in g which are stably conjugate to X will be called the stable orbit of X. [R2] to get (3) and (4).
Xe t \ and XQ^ have the same eigenvalues and so are stably conjugate. By Proposition 3.5.2 of [R2] , their stable orbit consists of two Ad G-orbits, so it suffices two show thatZ^i and XQ^ do not lie in the same Ad G-orbit. (5) and (6) now follow. These types of integrals appear in formulas for Fourier transforms of measures on elliptic adjoint orbits in q. The results of this section will be used in Section 5 to relate these integrals to character values of inducing data for supercuspidal representations of G.
To begin, parahoric subgroups and filtrations are defined as in [Mo] and [J] . Let K = G(0 F ) . The Iwahori subgroup I of K consists of those matrices in K whose entries below the diagonal lie in p E . The remaining conjugacy class of parahoric subgroups of G contains the normalizer L of / in G. To each of K and L there is associated one filtration, and there are two filtrations associated to /.
Given / G Z, let f/ be the set of 3 x 3 matrices with entries in p l E , and let f, = t t n q. 
The proofs of (3) and (4) are omitted as they are similar to the proof of (2).
• LQtXg^, XQ^9 andX^2 be defined as in Section 3.
LEMMA 4.3. Assume Y G fAfc.
(1) Suppose X G ï_/-i, / > 0, has the property that the image ofvo l+l Xin ïo/ïi -g(F^) is regular and elliptic. Then J(X, Y; K) 
PROOF. For each of (l)-(4), we will use the notation m/,y G Z, for the lattices defining a particular filtration. For (1), m 7 = tj, for (2), nty = ij\ and for (3) and (4),
Given X, let T be the Cartan subalgebra containingX. In (1) and (3), and s = -1 in cases (2) and (4). Let d = 1,4,2 and 2, in cases (l)-(4), respectively. In each case, wxtij = ït\d+jj G Z. Let Py = c(my), for y > 1, and let P be the associated parahoric subgroup. Then we must show that J(X, Y\ P) = 0 whenever Y fi xtiy-w-s+i. = y,j G Z, P = /, and I = i -r -3. Because the residual characteristic may equal 3, (4.4) does not apply. In place of (4.4), apply Lemma 3.5 of [C] to see that The next lemma is concerned with J(X, Y; P) for X of the form X = a + /3, where j3 G t-i n g' is as in (4.9), and P is a parahoric subgroup. We will refer to j3 given by (4.9i), (4.9ii), and (4.9iii) as cases (i), (ii), and (iii), respectively. (1) In cases (i) and (ii), assume that 0 <j < i. Ifj> 1, orj = 0 a«rf F G mi, set
(2) In case (Hi), assume that 0 <j < /. Set
the last equality following from (4.6). Also, X G m_</(/+1) and tr
This integral vanishes unless [X,Z] G m J. A straightforward calculation shows that
from which it follows, using (4.6), that
The second part of
Step 1 
Thus j(X, Y; P(Y, i)) is a nonzero multiple of
equality holding because Ad h(a) = a for h G G'. Fix k G P(7, /) and set Z = Ad i~l (Y) 9 writing Z = Z' + Z 1 as above. Observe that tr(/3Ad/T^Z 1 )) = t^Ad/^Z 1 ) = 0, A G G' => JC8, Z, ;P m H G') = _7(/3, Z';P w n G').
Let T = CZ^i, ^2, resp. CZ^j, in cases (i)- (iii 
Thus we have shown that J/(X, 7; P) = j(x, 7; P(7, ijj) for 7 G fAfc H m !. [Mu2] .
• Let / > 0. Define [J] , p. 57 shows that the stabilizer G" of a in G is isomorphic to H an x E x . Let g" be the Lie algebra of G". PROOF. SupposeXG (g" + 11)nI 0 . ThenXeY+l Ï9 where
\ÎX G fAfc, X 3 = 0, which implies that 7 3 G 11. It is easily seen that 7 3 G f i if and only if c, d 9 e G PF> that is, X G Ii.
A similar type of argument works for X G (g" + I2) H11.
• LEMMA4.13. SupposeYG 9\[g.LetX = a+/3 with a as in (4.11) and [3 G g"nl_2, 
PROOF. Suppose Ye l r -1,+ i for some r < 2i -1. Otherwise there is nothing to show. Set £ = 2/ -r. The element a of (4.11) is slightly different from the a considered by Moy, but is conjugate to it by an element of L, so Moy's results still hold. Argue as in the proof of Lemma 4.3, using results on p. 200 of [Mo] , to see vanishes unless Adk~l(Y) G %" + IH-I, which, by Lemma 4.12 is equivalent to
This implies, as in the proof of Lemma 4.3, thatJ?(X,7;Z) = 0.
We have now shown that, independent of the choice of 
REMARKS, (a) In every case, the centralizer of X n in G is compact, butX^ may not be regular.
(
In (2), X Ui \ and X u^ are independent of the choice of TT G °'E M (G).
There are three general types of TT to be considered, according to the properties of the nondegenerate representations Q which they contain. The first type (Lemmas 5.3 and 4) contains a nondegenerate representation Q of K or L which factors to an irreducible cuspidal representation of K/K\ or L/L\. The second type (Lemma 5.6) contains an Q which is represented by a regular element a (see (5.5)). Finally, for the third type (Lemmas 5.8, 5.11, 5.12), Q is represented by a singular semisimple element a of the form (4.8) or (4.11).
or q(q -1). Let Y be a nilpotent element of g(F^), and let t/i be a nontrivial character of¥ q i. Given a regular elementX G Q(F^), let f be the Cartan subgroup of G(F q ) such thatX
where \T\ denotes the order off.
1) Ifn has degree (q -\){q + l) 2 , then XK{C(Y)) = Q(X um , Y)for anyX um which is regular in §(F q ) and belongs to the image of %nr D f o-(2) If hi has degree (q -\)(q 2 -q + 1), then XK{C(Y)) = Q(XE, Y)>far anyX E which is regular in G(F^) and belongs to the image of c lE,\ H f o-(3) hi is unipotent if and only if n has degree q(q -1). In that case, XK{C(Y)) -(QiXunr, Y) -Q(X E , ?j)/3, whereX^ andX E are as in (1) and (2).
PROOF. For the définition of cuspidal and unipotent representations of a reductive group over a finite field, see [DL] . Suppose f is the image of T um or T E ,2 in G(F^). Let S be a regular character of f, that is, a character which is not fixed by any nontrivial element of the Weyl group of T in G(F^). The virtual character Rf (6) ( [DL] ) is, up to sign, the character of an irreducible cuspidal representation of G(F^). The values of the character Xe of this representation on the unipotent set are independent of the choice of character 0. 
then the left sides of the equalities are zero, because ft is supported on K = K^. The right sides vanish as a consequence of Lemma 4.3(1). Thus we may assume that Y G to-Observe that (3) is a consequence of (1) and (2). If X G f o and k G K, let X and k denote the images of X and k in g(F^) and G(F^), respectively. In cases (1) and (2), for Y G fAfc H fo>
Here we have applied Lemma 5.2 to obtain the second equality. (H"(F,) ). Set X n = XE,2-The remainder of the proof is much like the proof of Lemma 5.3, except that Lemma 4.3(4) is used.
• Suppose trt£ = f>, 1^, i^, or \\ for some I > 1. If a G tn* i+l , the representation Q. a of Pi = c(m^) is defined by: (1), (2), (3) and (4) is given in Propositions 3.5, 3.8, 3.25, 3.23, and 3.27 of [J] respectively. For a description in cases (5) and (6), see [Mo] Let 7 G m^ D fAfc. Since «l^ is a multiple of Q a , it follows that
By Lemmas 4.3 and 4.7, if 7 G fA& and 7 £ m £ , then J (a, Y;P) = 0. Therefore to complete the proof it suffices to show that f P f K (k~lc(-Y/2) 
Let a be as in (4.8). We shall use notation from Section 4. Lemmas 5.8-5.13 are concerned with those supercuspidal representations TT which contain the representation Q a of Kj defined by (5.5). Before stating the lemmas, we use Q a to define a character of G\ and discuss the parametrization of the representations TT.
We define a one-dimensional representation of G' which coincides with (5.5) on a subset of G' containing K t n G'. 
We have shown
In particular, the new definition of Cl a on K t Pi G' coincides with the old ((5.5)). The supercuspidal representations containing the representation Q a ofK t defined by (5.5) are parametrized by those supercuspidal representations 7/ of G' containing the trivial representation of G'niy ( [J] , p. 42). The supercuspidal representations obtained by Jabon in Theorems 3.12,3.14,3.17,3.19, and 3.22 of [J] are actually those which contain Q"
1 . To get the ones containing Q a , it suffices to replace Q^1 in Jabon's theorems by If (5 E g' and m' is a lattice in g' which has the property that (/?, (m') 2 ) C O F , let Qp be the representation of ^(m') defined by: and (e), respectively. In each case, let T be the Lie algebra of T. The first step in the construction of the inducing data for TT is to define a representation of TP' s P [{di+l y 2] . Set Observe that since a G m _</(/+1) = ntl J/+1 , Q a may be regarded as a representation of P di which is trivial on P di +\. To extend Q a from /># to 7/, set Q a |c(m|jr. /21+1 ) = 1. Recall that Q a is already defined on TP' S Combining this with above remarks concerning the definition of n a and (5.9), results in x4c(7)) = x^^^M-^M 7 ))
E(G) contains the representation Q a ofK it a as in (4.8), and the for the corresponding representation IT' ofG' has inducing data as in (a), (c), or (e). Then Proposition 5.1(1) holds with X^ = a + j5, j3 as in (4.9i), (ii), or (in) (
x« a (i) XK«0) = ( £l a (c(Y')), if Y 1 -G m [A -/2]+1 ,
that is, c(Y) G TT^i 10 otherwise
Now we evaluate Q a (c(7')). Let § denote the Lie algebra of 3 x 3 matrices with entries in E. Let §' be the centralizer of a in q. For £ G Z,
it follows from r^r 2 + r r x r + r 2 G §'\ r G m r , and r 3 = (r + r 1 ) 3 = o, that 
E(G) contains the representation Q a ofKi, a as in (4.8), and the corresponding representation 7r' ofG' has inducing data as in (b) or (d). Then Proposition 5.1 (1) holds with X^ = a + (3, (3 as in (4.8i) or (ii), j -0, and K^-K orL, respectively.
PROOF. Let m^ = l t , resp. l E , I e Z, P = K, resp. L,d= 1, resp. 2, in case (b), resp. (d).
Let Jt and J t be as in the proof of Lemma 5.8. Extend Q a to from P di to P l J i . Then produce a representation n a of P f J i whose restriction to P , l J i is a multiple of Q aObserve that
P' /P'x has no cuspidal unipotent representations and it can be shown, by an argument similar to that for Lemmas 5.2 and 5.3, that if the image of Y' G m' 0 in mj/mj is nilpotent, then ^l=/^£(tr( /3 Adr'(-27')))^ for some (3 as in (4.9i) of (4.9ii) withy = 0 in cases (b) and (d), respectively. (The measure on P' is assumed to be normalized so that P' has volume one.) 7T = Ind^,j ft, where If Ji T^ Jf, then the main idea of the proof is along the same general lines as for Lemma 5.8, except that it is much longer, as the calculation of x« a is more involved. We omit the details. Proofs of analogous results for GL n (F) and classical groups appear in Lemma 3.20 of [Mu2] and Lemma 9.2 of [Mu4] . The value of \n a ( c 00) * s given by: The desired result now follows after an application of Lemma 4.10(1) or (2) in the case 7 = 0. We now consider those ir which contain a nondegenerate representation Q a ofL^, where a is as in (4.11 Since such elements are conjugate by L to matrices of the form (4.11), we need only consider a as in (4.11).
The centralizer G" = H an (F) of a in G is compact. The element (3 represents a representation of G" which is trivial on Lu H G". If this representation is trivial on L\ D G",
then (3 = 0. Otherwise, (3 is given by Proposition 3.30 of [J] .
Compactness of G" can be used to show that for Y G fAfô, c(Y) belongs to the inducing subgroup if and only if F G 1/ (similar to Lemma 4.12). Furthermore it can be shown that To finish, apply Lemma 4.13.
• REMARK. In Lemma 5.12, we could have taken (3 equal to zero for all of the representations 7T considered. However, we chose a f3 which reflected the inducing data for IT. This is useful for expressing coefficients in the local character expansion in terms of Shalika germs {cf. Corollary 6.6).
To conclude the proof of Proposition 5.1, we have the following lemma. PROOF. Since x is trivial on the unipotent subset of G, it is easy to check that/^jc) = fr® x (x) for x unipotent.
• 6. Main results. Given/ in Ç£°(g), the space of locally constant, compactly supported, complex-valued functions on g, let/ in Q°(g) be the Fourier transform off defined relative to the character ipp* and the bilinear form (•,•). That is,
AX) = JiP E {tr(XY))f(Y)dY,
where dY is a self-dual (with respect to ^) Haar measure on g. Given 7 in g, 0{Y) denotes the Ad G-orbit of 7. Let ^0(Y) be the distribution given by integration over the orbit 0(Y). The Fourier transform (LO{Y) 
(Y) (X) = ^(X:Y)
Harish-Chandra stated the result for 7 regular, but it generalizes to the situation above. Note that the centre of G is compact, so the split component of an elliptic Cartan subgroup of G is trivial.
LEMMA 6.2. Suppose TT £
0( E(G). Define f^ and K^ as in Section 5. Assume that Haar measure dh on K^ is normalized so that the volume ofK^ is one.
( 
A(l)
07r does not depend on a choice of measure on G. In order for (3) to hold, the formal degree d{ir) of 7r must be taken relative to the measure dx on G.
LEMMA 6.3. IfxeG andX G l t for some t>\, then hàx(X) G f t + Qfe.
PROOF. This lemma is due to Howe in the case of the general linear group. For G, the proof works the same way. Given x G G, x = k\ak.2 for some k\, ki G K, and some diagonal matrix a having diagonal entries zu r , 1, and w~r, where r is a non-negative integer. Conjugating the element Aàki(X) of li by a is easily seen to produce an element which is a sum of an upper triangular element in fAfe an d an element in f^. It is now immediate that Kdx(X) G fAfc + *t, as AdK leaves both 9^Q and t t invariant.
• For each ir G °£(G), let V^ = ï^, where £ = £(7r) is defined as follows: (i) If 7T contains a nondegenerate representation, and K n -K or /, resp. L, choose I so that A^ G t* t , resp.X^ G I| € _ 2 -(ii) If IT ® x contains a nondegenerate representation, where x is a non-trivial onedimensional representation of G, let £ = £(ir) = max{£(7r(g)x),w}, where where m is chosen so that \ is trivial on K m .
REMARK. C(-X/2) may be replaced by expX if X is sufficiently close to zero (see the proof of Corollary 6.6). If K n = L, argue as above, replacing ïo by lo, and Ki by L^-i^ to conclude that A(c(-(7, +Z,)/2)) =/»(c(-r,/2)).
We have shown that the right side of (6.5) equalsMl)~l SK n fn(h~lc(-Y/2)h)dh. Since Y G fAfc, by Proposition 5.1(1), this integral equals J(X^, Y\K^), which, as seen above, equals the left side of (6.5). This completes the proof of (1) in the case where 7r contains a nondegenerate representation.
The proof of (2) is omitted, as it is the same as the proof of (1), except that Proposition 5.1 (2) REMARKS, (a) In case (2), some twist of of n by a one-dimensional representation of G is as in Lemma 5.12, and X % = a, where a is given by (4.11). More generally, if Xn = a + (3 with a given by (4.11), it follows from the proof of (2) that CQ(^) is independent of j3.
(b) In Section 7, we will determine whether the coefficient c reg (7r) corresponding to the regular nilpotent orbit is nonzero. Also, in Section 8, for certain 7r G 0r E(G) , the coefficients CQ(TT) will be computed for all O G CAfc).
PROOF (COROLLARY 6.6). Harish-Chandra ( [HC2] , Lemma 21 ) showed that:
for X\, X 2 G Greg contained in certain subsets of g. Assume ir is as in ( for X G Gre g close to zero. Now proceed as for (1). The proof of (3) is like that of (1), except that Theorem 6.4(2) is used.
• 7. Whittaker models. In this section we determine which of the representations in 0< E(G) have Whittaker models (Theorem 7.13 and Corollary 7.16). We begin with a few remarks about nondegenerate characters and Whittaker models. Let £/be the unipotent radical of the upper triangular Borel subgroup of G. An element uofU has the form
Any linear character of U is trivial on the commutator subgroup of U and therefore is equal to \r for some r in E. As follows from the definition ( [Sh, p. 191] ), \ T is nondegenerate (or generic) if and only if r is nonzero. This use of of the term nondegenerate is not the same as Moy's nondegenerate representations in [Mo] . A smooth admissible representation n of G has a x T -Whittaker model, or is Xr-generic, if there exists a linear functional À on the representation space V of IT satisfying
The dimension of the space oflinearJunctionals on the representation space ofn satisfying (7.1) is either zero or one.
PROOF. The result is stated and proved in [Sh] for irreducible unitary admissible representations of GL n (F). However, as remarked in the introduction of [Sh] , the result holds for quasi-split groups. Note that since the centre of G is trivial, every TT G °£(G) is unitary.
•
In the case of a general reductive group, a representation may have a Whittaker model with respect to one nondegenerate character, but not with respect to another (nonconjugate) nondegenerate character. However, this will not happen for G because all nondegenerate characters of U are conjugate by elements of the diagonal Cartan subgroup Tj of G. PROOF. By Corollary 1.17 of [MW] , c reg (7r) ^ 0 if and only if TT has a Whittaker model. The lemma now follows from Corollary 6.6(1).
We now proceed to determine whether r reg (X) is nonzero for various X in g reg . 
The other cases are similar.
• In [S] , Shelstad derived a formula for T^g(x), for x in G reg , where T^g denotes the Shalika germ corresponding to the regular unipotent conjugacy class in G. A simple argument shows that if X G Greg is close enough to zero andx = expX, then r reg (X) is a positive multiple of r^g(x). Lemma 7.3 can be rephrased in the following way:
Then ix has a Whittaker model if and only ifT^g (Qxp(vj 2m X 7r )) ^ Ofor m sufficiently large.
PROOF. The lemma is an immediate consequence of Lemma 7.3, the above remarks and the homogeneity property of r reg ([HC2] ).
• Suppose T is a Cartan subgroup of G. Let T = T(F). The diagonal Cartan subgroup of G will be denoted by T</. Suppose x = expX G T 9 X G g reg is near the identity. If a is a root of T in G, define
Let {a a } be a-data for the action of T F = Gd\(F/F) on the roots of T, as defined in Section 2.2 of [LS] . Given a, let a v be the corresponding co-root.
defines a 1-cocycle of I> in T(F) ( [S] ) whose class in H l (T) will be denoted by inv(x). Let inv(T) be the image in H l (T) of the class X(T SC ) defined in Section 2.3 of [LS] . • Supposed G G (F) is diagonal with diagonal entries A,, 1 < j < 3. For j -1 or 2, define aj(X) = Xj -A y+1 . Set a 3 (X) = a x {X) + a 2 (X). {±aj | 1 < j < 3} are the roots of T d in G. Let B be the upper triangular Borel subgroup of G. Given this choice of Borel subgroup, a 7 , 1 <j < 3 are the positive roots. DefineX ap j = 1 or 2, to be the matrix whose only nonzero entry is a one in they j +1 position. Let X a3 = X ai +X ai , and X-ajf X aj . This choice of F-splitting (B, T d , {X± a .}) of G will remain fixed throughout the section.
Given a Cartan subgroup T and an h in G(F) such that hT(F)h~l = T</(F), for a Borel subgroup of G containing T, we take h~lBh. The roots of T in G will be identified, via h, with those of T^ in G. h will be assumed to be as given in Lemma 7.8. PROOF. In order that the given data be a-data, a uaj = o{a aj ) must be satisfied for every G G I> ( [LS] ). This is straightforward.
• Conjugation by ha(h~l), h as in Lemma 7.8, defines an element UJ(GT) of Q.. a\ and a 2 are the simple roots of T^ in G. Using X± a .J = 1,2, to define n{ctj) as in [LS] , we obtain
As in [LS] , if UJ(GJ) is written in reduced form as a product of simple reflections corresponding to the (Xj\j = 1, 2, a representative n{uj{Gr)) for UJ{CJT) is given by taking the corresponding product of «(o/)'s, j = 1, 2.
GT ' -• m(Gr) = x(GT)n(uj(GT))
defines a 1-cocycle of {GT \ G G I>} in T^(F) ( [LS] ). A(T) is then given by:
With our choice of a-data and h, it turns out that h~x m(Gr)G(h) -1 for every G G I>. Thus the 1-cocycle A(T), and hence its class inv(T), is trivial. We omit the details.
• LEMMA 7.11. LetXEj, 1 <j < 4, andXQj,j = 1, 2, be defined as in Section 3. Let m, n EZbesuch thatn > m.
(1) Suppose a, b, c G F «re swc/z /to |« + 6 -c| = |a -6 -c\ = q~m and \b\ = q~n. For m sufficiently large, the following are equivalent: PROOF. Let T G {T^T^T^T^}. Suppose* = expX G TD G reg is close to the identity and let r\ x be the 1-cocycle defined by (7.6). The class inv(x) of rj x is trivial if and only if there exists >> G T(F) such that f] x (cr) = ycr(y~l) for every a G I>. By setting t -hyh~l G T^(F) and taking GT as in the proof of Lemma 7.10, we see that this is equivalent to
If a G I> is such that a(aj) < 0, 1 <j < 3 set 7/ = 7/(x) = (^(x) 1 / 2 -aj(x)~1/ 2 )/a ap 1 <y < 3. Otherwise, <T(OJ) > 0 for 1 <y < 3, and we take 7/ = 1.
hr] x {a)hx = diag(7i73,7r 1 7 2 ,7^17 3 " 1 ), cr G I>, where diag(Ai, À2, A3) denotes the 3 x 3 diagonal matrix with diagonal entries Ay, 1 < j < 3. Throughout the proof, we assume that t G T^(F) is of the form diag(Ài, A2, A3), Xj G F.
(1) Since T^i and T^2 split over E, it suffices to determine whether there exists a t G T^(F) satisfying (7.12). Let a e denote the nontrivial element of Gal(£/F). If ^ G T</(£), a simple calculation shows that, for both T = TE,\ and 7^2,
To determine whether inv(expX^) is trivial, we must determine whether there exist Ay G £ x ,l <7< 3 such that A1A1 = 7i73, A2A2 = 7f 72, A3A3 = I2 73" .
Note that 7j(expX E j) G F, 1 < y < 3, 1 < / < 4. N £/F (£ x ) consists of the set of elements in F x of even valuation. In the case of XE,\, for large m, |7f 1 72| = 1 and |7i73| = |7273| = q~m~n The equivalence of (a) and (b) is now clear. The case of XE,I is similar, except, due to the different a-data, |7i73| = |7273| = <7~m~" _1 , which implies the equivalence of (b) and (c). In the cases of XE^ and ^4, IT2T3I = q~2 m~l , and so 727 3^N£/F (£ X ).
The details for (2) and (3) PROOF. Part (1) and the caseX^2 in part (2) follow from Lemmas 7.3 and 7.4. For the other cases where X^ G g reg , Lemma 7.5, Theorem 7.7, and Lemma 7.10 are combined with the appropriate part of Lemma 7.11. If X* £ g reg , then let Z be an element which commutes with X n , is close to zero, and is such that X* + Z e g reg . We can choose Z so that X n + Z = X E T> or X EA as in (2), or else X 7r +Z = X ea as in (4). By Corollary 1.17 of [MW] Recall that representatives for the Ad G-orbits within stable orbits of regular elements are given in Section 3. In part(l) of Theorem 7.13, the X^s considered have the property that their their Ad G-orbits are stable orbits. In each of parts (2)-(4), theX^'s are representatives for the Ad G-orbits within a stable orbit which contains more than one Ad G-orbit. Suppose 5 is a finite subset of 0r £(G) -0r £ w (G) having the property that {J^ | TT G 5} is a set of representatives for the Ad G-orbits within the stable orbit of a regular element (with each Ad G-orbit in the stable orbit represented once). Theorem 7.13 implies that exactly one of the representations in 5 has a Whittaker model, and that representation can be identified by the corresponding X^. In fact, it can be seen from the inducing data for the representations in 0< £(G), that, given elements as in Theorem 7.13(1)-(4), such sets S exist. However, since inequivalent representations may have the sameX^, they are not uniquely determined. Rogawski ([R2] ) has defined a partition of the representations of G into sets called L-packets. We expect, although it is not proved here, that if an Lpacket consists entirely of supercuspidal representations, then every TT in the L-packet is in 0< £(G) -0r £ w (G), and X* is regular. Furthermore, the set of X n 's corresponding to the representations in the L-packet should consist of representatives for one stable orbit. In Section 8, the coefficients c 0 (^), O G (fAfe), will be computed for certain TT G 0< £(G), including TT G °'£ W (G). As a consequence we will obtain the following result. • REMARK. By Corollary 1.17 of [MW] , there exists a positive constant a depending on normalizations of measures such that, if TT is an irreducible admissible representation of G, a~lc Teg (7r) equals the dimension of the space of linear functionals satisfying (7.1). We claim that with the above normalizations of the Fourier transform and of /i reg , a = 1. Choose a one-dimensional representation v of a Borel subgroup BofG which is trivial on the unipotent radical of B and such that the representation Indf v is irreducible. Let ® u denote the character of the representation Indf v. then /2 reg = ® u o exp on some neighbourhood of zero. (This can be seen by the argument used for Lemma 5.1 of [Mu2] .) By (9), p. 444 of [MW] , Indf v has a Whittaker model and the corresponding space of linear functionals has dimension one. This implies that a -1. It now follows from from Corollary 6.6 (1) £X, for f = fo and </ >o, for j sufficiently large, and an application of the standard homogeneity property yields the desired result.
For t = w, the proof involves a comparison of the Shalika germ expansion of/o at w 2j+l X with that off at vo 2j X, and similarly for </ >o and <j>\. 
